The effects of confinement on the dynamics of binary encounters between spherical particles in shear flow are studied for a system bounded by a single planar wall or two parallel planar walls under creeping flow conditions. We show that wall proximity gives rise to a new class of binary trajectories resulting in cross-streamline migration of the particles. In contrast, in unbounded space spherical particles on open trajectories return to their original streamlines after a binary encounter is completed (when there are no non-hydrodynamic forces). Thus, the new type of trajectories constitutes the dominant cross-streamline migration mechanism in dilute wall-bounded suspensions. The physical origin of the new trajectories is explained in terms of counter-rotation of particle pairs that is driven by the dynamic pressure distribution. The effect of the new migration mechanism in dilute suspensions is illustrated using a Boltzmann-Monte Carlo simulation technique. Some other implications of our findings are indicated.
Introduction
Random displacements resulting from particle encounters in suspension flows lead to hydrodynamically induced particle migration with respect to the local suspension velocity (Eckstein et al. 1977; Leighton & Acrivos 1987; Bossis & Brady 1987) . For non-Brownian particles under creeping-flow conditions, hydrodynamically induced migration constitutes the dominant mechanism of particle redistribution in the suspending fluid. Understanding of the dynamics of particle encounters in suspension flows is thus vital both from the fundamental and practical points of view.
In this study we focus on the effects of confinement on the dynamics of binary interactions between spherical particles in shear flow in the presence of a single planar wall or between two parallel planar walls. We demonstrate that for certain initial conditions confinement may qualitatively alter relative particle motion, leading to cross-streamline particle migration. In unbounded suspensions, such migration requires encounters of at least three particles when there are no non-hydrodynamic forces.
We show that the qualitative differences in the topology of particle trajectories in confined and unconfined systems follow from a change of sign of the relative transverse particle velocities. Such sign changes were pointed out in our recent study (Bhattacharya et al. 2005a) . Since the new class of pair trajectories results in a previously unrecognized particle migration mechanism, it turns out that seemingly subtle features of the relative velocity for a pair of spheres coupled hydrodynamically to a planar wall may have a significant qualitative effect. To contrast our findings for confined suspensions with the well-known behavior of particles in infinite space, we recall that a pair of spheres in an unbounded shear flow either undergoes an orbital periodic motion, or the spheres pass each other and return to their original streamlines after the binary encounter is completed (Batchelor & Green 1972) .
Particles on the open trajectories go back to their initial transverse (cross-streamline) positions because of the flow-reversal symmetry of Stokes equations. This symmetry requires that the trajectories of particles passing each other are symmetric with respect to reflection in a plane perpendicular to the velocity direction.
It follows that binary collisions in a dilute unbounded suspension of spheres do not contribute to cross-streamline particle migration, unless non-hydrodynamic forces remove the flow-reversal symmetry. The effects of non-hydrodynamic forces (e.g., direct particle contacts due to roughness, electrostatic repulsion, or random Brownian force resulting in thermal motion) have been investigated in a considerable detail (Wilson & Davis 2000; Drazer et al. 2002) . At higher particle concentrations, hydrodynamic diffusion occurs due to multiparticle hydrodynamic interactions (see, eg., Acrivos, Batchelor, Hinch, Koch & Mauri 1992; Wang, Mauri & Acrivos 1996 , 1998 Drazer, Koplik, Khusid & Acrivos 2002) , but the resulting effective transverse diffusivity is O(φ 2 ) rather than O(φ), where φ denotes the particle volume fraction. The results of our present study show that in wall presence binary collisions may produce a stronger O(φ) particle migration effect, even in the absence of non-hydrodynamic interactions.
This paper is organized as follows. The system is defined in section 2. Our main results are given in section 3, where a new class of binary trajectories resulting in cross-streamline particle displacements is introduced, and the physical mechanism leading to this behavior is discussed. In section 4 we analyze the consequences of the new pair trajectories for cross-streamline particle migration in suspensions of spheres in the low-concentration regime. Our findings and their implications are summarized in section 5.
Definition of the system
We consider the dynamics of binary encounters of spherical particles undergoing stationary shear flow in a space bounded by a single planar wall or two parallel planar walls separated by the distance H. We focus on configurations where the particle-wall separation is comparable to the sphere diameter d. The suspending fluid has viscosity η, and creeping flow conditions are assumed.
We use a coordinate system where the walls are in the x-y planes. The positions of particle centers are denoted by r i and the linear and angular velocities of the particles by U i and Ω i , respectively, where i = 1, 2. The walls are at z = 0 and z = H. Particle encounters are described using the relative coordinates ∆r = (∆x, ∆y, ∆z), where
is the relative position vector centered on particle 1. The unperturbed fluid velocity
(whereγ denotes the shear rate) points in the lateral direction x, and varies in the normal direction z. The flow occurs due to the motion of one of the walls with velocity
Particles are torque and force free. No-slip boundary conditions are imposed at both walls and at the particle surfaces. In our calculations of particle trajectories, interparticle and particle-wall hydrodynamic interactions are accurately taken into account. For a one-wall system the particle velocities are evaluated using a reflection technique (Cichocki et al. 2000) , and for the two-wall system we use the Cartesian-representation method, recently developed by our group (Bhattacharya et al. 2005b (Bhattacharya et al. ,a, 2006a ). The equations of motionṙ i = U i (where the dot denotes the time derivative) are integrated using a Runge-Kutta algorithm with an adaptive time step (Press et al. 1992) .
Our paper is primarily focused on the dynamics of binary particle encounters in shear flow. The geometry of the system and a sketch of trajectories for two spheres that pass each other are shown in figure 1. (The trajectories in this figure are out of scale; an accurate representation of the trajectories can be seen in figure 2 ). In addition to binary particle encounters we also consider the evolution of the particle distribution in a confined dilute suspension under shear, using a binary-collision approximation corresponding to the limit of low particle concentrations (cf. section 4).
Effect of walls on the dynamics of binary collisions

The morphology of open trajectories
An analysis (Lin, Lee & Sather 1970; Batchelor & Green 1972; Zinchenko 1984) of the relative motion of a pair of spheres in unbounded shear flow (2.2) indicates that all open trajectories start from ∆x = −∞ (in the reference frame fixed on the initially slower particle 1) and extend to ∆x = +∞. During the initial approach of the particles their relative vertical offset ∆z increases, and it reaches a maximum when the particle pair crosses the vorticity-gradient plane ∆x = 0. Subsequently, ∆z decreases. After the particles have separated, they return to their initial cross-streamline positions (y, z), in accordance with the flow-reversal symmetry of Stokes equations and the symmetry of the system with respect to the reflection of the x coordinate.
For sufficiently large initial vertical offsets ∆z, particle trajectories in wall-bounded systems are qualitatively similar to those in free space. For example, the only distinctive feature of the trajectory depicted in the top panel of figure 2 is that ∆z initially decreases before reaching the maximum when the particle pair arrives at the symmetry plane ∆x = 0. (In contrast, in free space ∆z would increase monotonically.) However, for smaller initial values of ∆z we find an entirely different behavior. As shown in the bottom panel of figure 2, for this new class of open trajectories the offset ∆z changes sign before the relative position ∆x = 0 has been achieved. Accordingly, the component ∆U x of the relative velocity ∆U = U 2 − U 1 (3.1) also changes sign. Instead of passing each other, the particles turn around and separate, maintaining ∆x < 0 for the whole trajectory. As a result, the spheres do not return to their initial streamlines at long times since they swap their vertical coordinates z. Such particle encounters result, therefore, in displacements of the suspended particles across streamlines of the external flow. The domains of the swapping trajectories and the usual non-swapping ones are clearly seen in figure 3 , where the relative motion of the spheres is depicted for the system considered in figure 2. The critical trajectory delimiting the periodic trajectory region is also depicted. We emphasize that the swapping trajectories do not violate any symmetries of the system. Since the particles do not pass each other, the individual trajectories are not symmetric with respect to the reflection x → −x. However, for each trajectory in the halfspace ∆x < 0 there is a corresponding reflected trajectory in the halfspace ∆x > 0.
We would like to emphasize that swapping trajectories lead to changes of transverse particle positions, and thus they contribute to flow-induced cross-streamline particle migration in shear flow. Bounding walls can thus have a significant effect on the evolution 2) between two parallel walls at z = 0 and z = 5d. Top panel shows trajectories in relative coordinates (2.1) for different initial vertical offsets of particle centers ∆z. The spheres move in the flow-gradient plane x-z, and the one with larger initial value of the coordinate z starts at z/d = 2.4 (as in figure 2 ). Bottom panel shows the evolution of the dimensionless interparticle gap (3.2) for each of the trajectories displayed in the top panel. The gap evolution for swapping trajectories is represented by dashed lines and for non-swapping trajectories by dotted lines.
of the particle distribution in a dilute suspension of spheres. The migration phenomenon is discussed in more detail in section 4. Another important consequence of the swapping mechanism is that it prevents nearcontact particle encounters. The results in the top panel of figure 3 clearly show that the particles on the swapping trajectories approach each other much less than the particles on the usual trajectories when the particles pass each other. A detailed view of the evolution of the dimensionless gap between the particles,
is shown in the bottom panel of figure 3 for each of the trajectories displayed in the top panel. The results indicate that the gap on non-swapping trajectories may decrease to about ǫ ≈ 10 −5 , whereas on the swapping trajectories ǫ always remains of order one. Thus, for example, the swapping mechanism may prevent particle aggregation in the presence of short range attractive forces. 
Mechanism for particle swapping
It is evident from the results shown in figures 2 and 3 that a necessary condition for the swapping trajectories to occur is that the vertical component ∆U z of the relative particle velocity (3.1) be negative in some domain of particle configuration with ∆x < 0 and positive for the corresponding configurations with ∆x > 0. Consider, for example, a pair of spheres located in the same flow-vorticity plane z = const, and assume that ∆x > 0 (i.e., sphere 1 is to the left of sphere 2). If ∆U z > 0 in this configuration, sphere 2 moves from the region below sphere 1 (where ∆U x < 0) to the region above sphere 1 (where ∆U x > 0). Thus, the spheres initially approach each other but then they separate without passing each other -they swap their vertical positions instead (as seen in figure  3 ).
The dependence of the vertical relative velocity ∆U z on particle separation ∆x > 0 is illustrated in figure 4 for two spheres aligned along the flow direction x, for a system bounded by a single wall (left panel) and a system with two walls separated by H/d = 5. Different lines correspond to different positions of the particles with respect to the lower wall at z = 0. The plots show that ∆U z is positive (i.e., the velocity has the sign needed for the swapping to occur for ∆x > 0) in the domain ∆x > ∆ crit , where the critical horizontal distance ∆ crit depends on the wall separation and the position of the particle pair across the channel. † When the particle-wall distance is the same, the size of the domain where ∆U z > 0 and the magnitude of the relative vertical particle velocity are larger for a two-wall system than for a single wall configuration. These differences are usually small but they increase significantly when the particles in the two-wall system are close to the middle of the † Our numerical results indicate that additional changes of sign in the relative vertical velocity ∆Uz may occur at large interparticle distances. This would lead to more complex particle recirculation patterns. However, the magnitude of ∆Uz at large distances is extremely small due to the exponential decay of the vertical velocity (Bhattacharya et al. 2006a ) . Therefore, domains of trajectories with different topology are limited to very small regions in the configurational space. We note that multiple changes of sign of the velocity field in a parallel-wall channel were described by Hackborn (1990) for a flow produced by a vertical rotlet.
Figure 5. Decomposition of auxiliary problem (3.3) into subproblems A and B specified in equations (3.5) and (3.6). In both subproblems the particles are moving freely along the axis x, and their vertical motion is constrained. The counter-rotation of the particle pair is driven by the pressure distribution around the particles in subproblem A, as illustrated in figure 6.
channel. In the unbounded space (solid line in the right panel of figure 4) ∆U z < 0 for all particle separations so no swapping trajectories exist in this limiting case.
The analysis presented above shows that the particle-swapping effect relies on a subtle sign reversal in the relative vertical velocity of the particles. This change of sign seems counterintuitive because a particle pair on a swapping trajectory rotates in the direction opposite to the vorticity of the external flow. It is therefore important to determine what hydrodynamic forces push the upstream particle down and downstream particle up, causing the counter-rotation of the vector connecting the particle centers.
In order to pinpoint the mechanism for the velocity sign reversal we examine the hydrodynamic forces acting on a pair of torque-free spheres aligned with the flow direction and constrained to move only in the x direction,
Here τ i denotes the torque acting on particle i, and i = 1, 2. The particles move freely in the unconstrained direction x, and the force in the y direction vanishes by symmetry. Therefore where F i is the constraint force acting on particle i, andê z is the unit vector in the z direction.
We choose here to analyze the auxiliary problem (3.3) (rather than the original problem of freely suspended particles) because it allows us to describe the mechanism leading to the counter-rotation of particle pairs in wall-bounded systems more clearly. The sign of the vertical hydrodynamic forcesF iz = −F iz exerted on the particles by the fluid in the constrained system (3.3) is the same as the sign of the vertical velocity components U iz for freely suspended spheres. Thus, the results of our force analysis apply to the velocity problem.
Due to the interaction with the external flow, the two spheres in our auxiliary prob- lem (3.3) rotate in the direction of fluid vorticity. We expect that the hydrodynamic forces resulting from the dissipation in the gap between the two rotating spheres drive the rotation of the particle pair in the usual vorticity direction. To find the source of the opposing forces that produce the counter-rotation of the pair (and thus cause the position-swapping phenomenon), the auxiliary problem (3.3) is decomposed into two subproblems, one without particle rotation (subproblem A) and the other with no external flow (subproblem B). In both subproblems A and B the particle centers are constrained to a line parallel to the axis x, but the spheres move freely in the unconstrained x direction, as in the auxiliary problem (3.3). Subproblem A, schematically represented in the top panel of figure 5 , corresponds to the conditions F
where i = 1, 2. Accordingly, a pair of spheres in the external flow (2.2) is constrained to move, without rotation, in the direction x. The corresponding constraint forces F A iz act along the vertical axis z and the constraint torques τ A iy along the vorticity axis y. We anticipate that the vertical hydrodynamic forces in this subproblem are responsible for the counter-rotation of the pair.
The complementary subproblem B (the bottom panel of figure 5 ) is defined by the conditions
i.e, there is no external flow, and the particles, constrained to the axis x, rotate under the action of the torque τ B iy that is opposite to the one applied in problem A. The sum of the subproblems A and B is thus equivalent to the original auxiliary problem of the torque-free particles (3.3).
Our numerical calculations indicate that the vertical constraint forces F opposite signs. Therefore, the corresponding hydrodynamic forces
exerted on the particles by the fluid drive the particles in opposite directions. As expected, the pair of hydrodynamic forcesF
1z drives the rotation of the particle pair in the direction of the external-flow vorticity. In contrast, the hydrodynamic forces in the subproblem A have the opposite effect: the forceF A 1z acts downwards on the left (upstream) particle and theF A 2z acts upwards on the right (downstream) one. These forces are, therefore, responsible for the counter-rotation of the particle pair.
To determine the mechanism leading to the anomalous sign of the vertical hydrodynamic forces acting on the particles in the subproblem A, we examine the pressure distribution in the fluid surrounding the particles. Contour plots of the pressure field p for a pair of spheres in a one-wall system (particle-wall distance z/d = 1) are depicted in figure 6 for two different interparticle separations. The pressure distribution on the particle surfaces is further illustrated in figure 7 , where we show the vertical pressure-force densityf
Heren is the outwards normal unit vector, and the pressure is evaluated on the surface of sphere i. The results in figure 7 are plotted for the downstream particle, i = 2, versus the polar angle along the particle perimeter in the plane y = const passing through the particle centers. The left panel shows results for z/d = 1 (the same particle-wall distance as in figure 6 ), and the right panel depicts the force distribution in an unconfined system with z/d = ∞.
Our results indicate that the pressure at the surface of each particle is positive along the compressional axis of the external flow x = −z and negative along the extensional axis x = z. For infinite separation of the particles, the fore-aft symmetry of the pressure distribution ensures that the regions of high and low pressure balance each other, separately, on the top and bottom portions of the surface of each particle. Hence, the overall vertical pressure forceF
(where the integral is over the surface of sphere i) tends to zero for particles that are far apart. However, the fore-aft symmetry of the pressure distribution is lost at finite particle separations. The pressure contributions in the gap between the particles partially cancel each other, especially when the interparticle distance ∆x is small. One can see from the results shown in figures 6 and 7 that the total pressure force (3.9) acts downwards on the upstream particle and upwards on the downstream particle. Based on these findings we conclude that the asymmetry of the pressure distribution on the particle surfaces is responsible for the anomalous sign of the vertical hydrodynamic force that causes the counter-rotation of the particle pair.
The pressure force (3.9) constitutes only one of the contributions to the hydrodynamic force (3.7) acting on the spheres in the subproblem A -there are also the viscous terms associated with the deviatoric component of the stress tensor. However,F Ap iz is the dominant force that determines the direction of the total forceF is positive for all particle separations. The forceF A 2z has a larger amplitude in the wall presence. However, it is positive even in free space, because the pressure cancellation in the interparticle gap does not require the wall presence (see figure 7) . It follows that a pair of equal-size spheres in shear flow would counter-rotate even in unbounded space, provided that the orientation of the individual spheres is locked. It would be interesting to observe such counter-rotation experimentally, for example using a laser beam to constrain rotation of birefringent spheres. An alternative technique would be to use magnetic spheres whose rotation could be controlled by an external magnetic field.
In contrast, for torque-free spheres, the direction of rotation of the particle pair depends on the balance of the forcesF < 0, and, as expected, the pair of spheres rotates with the angular velocity pointing in the vorticity direction. However, in wall presenceF 2z changes sign from negative for ∆x < ∆ crit to positive for ∆x > ∆ crit , where ∆ crit corresponds to the intersection of the curves representing the forcesF A 2z andF B 2z , as seen in the left panel of figure 8 . Thus the pair of spheres counter-rotates when their separation is larger than ∆ crit . This behavior is consistent with the results presented in figure 4 and the shape of the swapping trajectories depicted in figure 3. We note that the critical interparticle distance ∆ crit obtained from the analysis of the forcesF A iz and F B iz is equivalent to ∆ crit obtained from the condition ∆U z = 0 for the same geometry. We note that the change of sign of the total forceF iz in a wall-bounded system is a consequence of two independent mechanisms. First, the pressure-cancellation effect is stronger in the wall presence, as we have already discussed. Second, the forceF B iz is reduced due to the particle-wall hydrodynamic interactions (cf., the left and right panels of figure 8) because the increased dissipation in the gap between the spheres and the wall hinders the rotation of the spheres, especially for large interparticle separations.
The domain of swapping trajectories
We have focused so far on trajectories for which both spheres move in the flow-gradient plane ∆y = 0. However, swapping of the vertical positions of the particles also occurs in the general case ∆y = 0. As for particles moving in the symmetry plane ∆y = 0, position swapping, in general, requires counter-rotation of the particle pair in order to achieve a horizontal orientation ∆z = 0. For a horizontally oriented pair the direction of its rotation is determined by the sign of the vertical component of the relative velocity ∆U z . Since the counter-rotation ceases at the points where ∆U z changes sign, the region of swapping trajectories is delimited by the set of critical trajectories for which ∆U z → 0 when the particle pair approaches the plane ∆z = 0. (We note that for ∆z = 0 the condition ∆U z = 0 implies that ∆U = 0 because the horizontal components of the relative velocity (3.1) vanish due to the symmetry of the problem.)
A typical graph showing the sign of ∆U z and the location of points where ∆U z = 0 in a flow-vorticity plane z = const is presented in the left panel of figure 9 for a two-wall system. In this specific example the wall separation is H/d = 5 and the particles are in the mid-plane z = H/2 but similar results have been obtained for configurations with different values of the geometrical parameters H and z, and for a single-wall system.
Our simulations as well as a symmetry analysis of the flow indicate that the set of points where the vertical relative velocity ∆U z vanishes consists of two subsets. One subset is the circle ∆ρ = ∆ crit , where ∆ρ = ∆xê x + ∆yê y denotes the horizontal relative position vector, and ∆ρ = |∆ρ|. The radius of the circle coincides with the critical separation ∆ crit discussed above.
The other subset is the portion of the line ∆x = 0 in the region with no particle overlap, ∆ρ > d. By analyzing the direction of sphere motion, one can show that the area inside the circle ∆ρ = ∆ crit corresponds to closed trajectories passing through the plane ∆z = 0 (cf., the top panel of figure 3 ). Therefore, only the part of the line ∆x = 0 outside the circle of zeros ∆ρ = ∆ crit is associated with the critical trajectories that delimit the swapping region. We note that closed orbits also exist in unbounded shear flow (Batchelor & Green 1972) . In this case the whole surface ∆z = 0 corresponds to particle pairs on closed trajectories crossing the horizontal plane.
The lack of dependence of the critical interparticle distance ∆ crit on the orientation of the particle pair in the plane ∆z = 0 can be explained using symmetry arguments. By linearity of Stokes equations, the shear-flow problem (2.2) for two spheres in a horizontal plane can be decomposed into the transverse and longitudinal shear-flow problems,
ext . The longitudinal component of the external velocity v ext is parallel to the line of particle centers, and the transverse component v ext ⊥ is perpendicular to this line. By symmetry, the vertical velocities of the particles vanish in the transverse-flow problem; therefore only the longitudinal problem defines the location of the zeroes of ∆U z . Since the locations of zeros are independent of the magnitude of the projection v ext , we find that these locations are independent of the orientation of the vector ∆ρ.
The variation of the radius ∆ crit with the channel width H and position z of the particle pair with respect to the walls is depicted in the right panel of figure 9 . We find that for fixed H, the radius ∆ crit has a maximum at z = H/2. The results also show that the maximal value of ∆ crit across the channel increases approximately linearly with H. In the limit of infinite particle-wall distance, the radius ∆ crit thus diverges, and the region of swapping trajectories disappears. For small values of z/d the lines in the right panel of figure 9 overlap, which indicates that the closer wall has the dominant effect on the vertical particle motion, unless the particles are near the middle of the channel. This behavior is consistent with the results shown in figure 4 .
An alternative way of characterizing the domain of swapping trajectories is to show the corresponding upstream region of the transverse relative coordinates (∆y, ∆z) (i.e., the region through which the swapping trajectories pass in the limit of infinite streamwise particle separations ∆x → −∞). For trajectories that cross a given horizontal plane ∆z = 0 during the particle motion, the border of the upstream region can be determined by integrating the trajectories backwards, starting near the loci of zeros of ∆U z in the plane ∆z = 0.
The top two panels of figure 10 show the upstream boundaries of the swappingtrajectory regions for several values of the wall separation H/d. The left panel depicts these boundaries for the trajectories that are symmetric with respect to the midplane z = H/2, † and the right panel illustrates the dependence of the vertical extent of the upstream regions ∆z on the initial position z 1 of the lower particle for particle pairs moving in the flow-gradient plane ∆y = 0. In both panels, the swapping-trajectory domains correspond to the areas below the curves. The results in the top panels of figure 10 are normalized by the channel width H.
An interesting feature of the swapping-trajectory regions shown in the left panel of figure 10 is that these domains are delimited by straight horizontal lines for ∆y ≤ ∆y crit ≈ ∆ crit . The straight-line sections correspond to the trajectories that pass through the circle of zeros ∆ρ = ∆ crit of the vertical relative velocity ∆U z when the particle pair crosses the horizontal plane ∆z = 0. The remaining portions of the upstream borders of the swapping-trajectory regions correspond to the zeros of ∆U z located at the axis ∆x = 0 † Strictly speaking the trajectories are symmetric with respect to the axis defined by the intersection of the planes y = (y1 + y2)/2 and z = H/2. in the plane ∆z = 0 (cf., the geometry of zeros of ∆U z depicted in the left panel of figure 9 ).
One can show that the value of the upstream coordinate ∆z for ∆y ≤ ∆y crit does not depend on the corresponding position along the circle of zeros of ∆U z due to symmetry reasons that are similar to those outlined in our discussion of the left panel of figure 9 . Namely, by the flow-reversal symmetry, the component v ext of the external flow does not produce any vertical particle motion; for all initial orientations of the particle pair on the circle ∆ρ = ∆ crit the vertical evolution of the particles is thus the same, except for a varying time scale.
The results in the top left panel of figure 10 indicate that the lateral extent ∆y/H of the upstream swapping-trajectory region remains approximately constant when the wall separation H increases. In particular, the horizontal coordinate of the end of the straight-line section ∆y crit , normalized by the wall separation H, only weakly depends on the distance H. This result is consistent with the linear increase of the maximal value of ∆ crit with the channel width, as illustrated in the right panel of figure 9 . The results in the right top panel of figure 10 indicate that the vertical extent of the swapping-trajectory region ∆z is the largest for particles placed symmetrically in the channel, and decreases rapidly near the walls.
The vertical extent of the swapping trajectory regions normalized by the particle diameter d is plotted in the bottom panel of figure 10 versus H/d, for the trajectories that are symmetric with respect to the midplane z = H/2. In the limit H/d → 1 the upstream offset ∆z/d vanishes, because there is no room for vertical particle motion. The offset ∆z/d has a maximum at H/d ≈ 3, and it slowly decays for large values H/d. By a scaling argument outlined in Appendix A, one can show that
Our numerical results are consistent with this asymptotic behavior, represented in the figure by the dashed line. We conclude this section by discussing the distance of minimal interparticle approach for pairs of spheres on swapping and non-swapping trajectories. As we have already indicated, the interparticle gap (3.2) on trajectories of the swapping kind typically remains relatively large. For spheres that pass through a given horizontal plane ∆z = 0, the minimal interparticle separation on swapping trajectories coincides with the radius ∆ crit of the circle of zeros of the relative transverse velocity ∆U z . According to the results shown in the right panel of figure 9 , ∆ crit is typically well above the particle diameter d (except for very small particle-wall separations). Thus, the minimal interparticle gap ǫ min = ∆ crit /d − 1 is usually O(1). This behavior is consistent with the results for the gap evolution that are presented in the bottom panel of figure 3 .
In contrast, the minimal interparticle gap on non-swapping open trajectories may be smaller by several orders of magnitude. The sharp transition from the large gaps on the swapping trajectories to much smaller values of ǫ on the nearby non-swapping ones is illustrated in the bottom panel of figure 3 (cf., the dashed and dotted lines).
The domains of non-swapping trajectories corresponding to specific values of the minimal gap are depicted in the left panel of figure 11 for a system with a wall separation H/d = 5 and particles moving symmetrically with respect to the midplane z = H/2. The figure shows the contour plot in the upstream transverse coordinates for the function ǫ = ǫ(∆y, ∆z) representing the minimal gap along the trajectory passing through the point (∆y, ∆z) at infinite streamwise particle separation ∆x → −∞. The results indicate that the smallest values of the minimal gap are attained for near-critical non-swapping trajectories in the flow-gradient plane ∆y = 0. According to our additional calculations the minimal gap decreases for stronger confinements, although it typically remains comparable to the distance of minimal approach ǫ min = 4.2 × 10 −5 for two spheres on open trajectories in the unbounded shear flow (Arp & Mason 1977) .
In a system of spheres interacting via a short-range repulsive potential, the near-contact particle encounters may result in cross-streamline particle displacements. However, for moderate-width channels (such as the one represented in the left panel of figure 11 ), the upstream region corresponding to very small gaps is significantly smaller than the upstream region of swapping trajectories. Therefore, we expect that for moderate confinements the frequency χ ǫ of near-contact particle encounters in a dilute suspension under shear is small compared to the frequency χ swap of the encounters resulting in the swapping of the vertical particle positions.
Quantitatively, the rate χ of particle encounters of a given type can be evaluated by integrating the upstream relative particle velocity
over the appropriate upstream-coordinate region. The ratio χ ǫ /χ swap between the rates of near-contact and swapping collisions for trajectories symmetric with respect to the midplane z = H/2 is plotted in the right panel of figure 11 versus the cutoff value of the minimal gap for channels of different width. The results indicate that χ ǫ /χ swap ≪ 1 for sufficiently small values of the gap, especially at moderate confinements.
Particle migration in a dilute suspension under shear due to position-swapping binary encounters
As we have demonstrated in the previous sections, the presence of confining planar walls results in a new type of binary particle encounters in shear flow: instead of passing each other without changing their cross-streamline positions, equal-size spherical particles swap their transverse coordinates z 1 and z 2 . This position-swapping behavior results in cross-streamline particle migration in confined dilute suspensions under shear. Although this migration mechanism may be dominant in dilute suspensions under moderate-confinement conditions, it has not been previously recognized.
In order to illustrate the role of particle swapping in suspension flows, we have performed a population-balance simulation of a mixture of two species of equal-size spheres in a parallel-wall channel of width H/d = 5. Initially, the particles of species one are located in the upper portion of the channel, z > H/2, and the particles of species two in the lower portion z < H/2. In each part of the channel the particles are distributed randomly. Since the system is translationally invariant in the transverse directions x and y, the particle distribution is characterized by the vertical coordinate z alone.
In order to mimic the evolution of a dilute suspension, the particle population is updated using a Boltzmann-Monte Carlo technique. Accordingly, a pair of particles is chosen randomly from the ensemble representing the system, with the probability proportional to the relative velocity (3.11). Then, a two-particle evolution run is performed with a large initial offset in the streamwise direction |∆x| ≫ d and the transverse offset ∆y chosen randomly from the uniform probability distribution truncated at ∆y max ≈ 8d. If the pair evolution results in position swapping, the particle ensemble is updated accordingly.
Sample results of our population-balance simulations are presented in figure 12 . The calculations were performed using a set of 600 particles, and the average over seven simulation runs was taken to reduce statistical fluctuations.
The left panels of figure 12 show the initial random particle distribution (top panel) and Figure 12 . Particle migration in a dilute binary suspension of equal-size spheres undergoing shear flow in a parallel-wall channel with wall separation H/d = 5. Top panels show the initial state of the system, and the bottom panels represent the state after 128 swapping binary encounters per particle. The left panels depict the vertical positions z/d for randomly selected 200 particles of each species (versus the particle index k), and the right panels show the normalized particle density n across the channel. The curves in the right-bottom panel represent the 3 rd order polynomial fit to the histogram of the particle distribution (taking the system symmetry into account) the distribution after 128 swapping collisions per particle (bottom panel). The vertical particle positions are shown versus the particle index, and only a sample of 400 randomly chosen particles is represented in these plots. The right panels depict the corresponding particle density (normalized to unity) as a function of the position across the channel z. The results indicate that the two particle species slowly mix together due to the particle-swapping phenomenon. Without particle swapping, all spheres would preserve their initial vertical positions (unless non-hydrodynamic interparticle forces are present).
The rate at which the two particle populations migrate is consistent with the typical magnitude of particle displacements. This magnitude can be estimated from the results shown in figure 10 . Since the particles exchange their vertical positions, the displacement in a given encounter is equal to the upstream value of the offset ∆z (which for H/d = 5 is in the range |∆z| < 0.055H). We note that migration is suppressed near the walls, where the amplitude of particle displacements is small according to the results plotted in the right panel of figure 10 .
In real systems, particles often interact not only hydrodynamically, but also via shortrange non-hydrodynamic forces. For example, particles may get into mechanical contact due to roughness or they may repel each other via a strongly screened Coulombic force.
In such cases, not only do the swapping particle encounters result in the cross-streamline migration but also the direct binary collisions produce a similar effect. However, for a sufficiently small range of the non-hydrodynamic interactions, the swapping is still a dominant migration mechanism in moderately confined systems because the cross-section for swapping trajectories is significantly larger than the cross-section for near-contact encounters, according to the results shown in the right panel of figure 11 .
While in this paper only a system of equal-size spheres has been considered, we expect that cross-streamline migration would also occur in bidisperse or polydisperse suspensions. In such systems, the cross-streamline displacements of two different-size particles undergoing a binary encounter of the swapping type would be different because of the lack of symmetry. Therefore, the total particle density would evolve in addition to the migration of the individual species. In contrast, in monodisperse systems the total density cannot be altered by the position-swapping particle encounters because of the symmetry of the trajectories.
Conclusions
The most significant result of our study is the finding that there exists a new class of binary trajectories resulting in cross-streamline migration of spherical particles. Equalsize spheres moving along these trajectories do not pass each other (as in unbounded systems) but, instead, they exchange their transverse positions in the velocity-gradient direction. While our calculations are limited to equal-size spheres in shear flow confined by parallel planar walls, we expect that a similar effect may also exist for pressure driven flows, particles of different sizes, and different wall geometries.
We have shown that the exchange of the vertical particle positions results from counterrotation of the particle pair (i.e., rotation of the vector connecting the sphere centers in the direction opposite to the vorticity of the external flow). This counter-rotation allows the particle pairs on open trajectories to cross the flow-vorticity plane ∆z = 0. After crossing this plane, the particles reverse their streamwise relative velocity and separate without passing each other; the spheres swap their vertical positions instead.
The unexpected direction of the rotation of the center-to-center vector for particle pairs on position-swapping trajectories can be explained by analyzing the pressure distribution around a pair of spherical particles with their orientations locked by appropriate constraint torques. Due to the mutual hydrodynamic interactions, the quadrupolar pressure distribution around each sphere is reduced in the space between the particles. The resulting pressure imbalance produces nonzero vertical pressure forces that drive the particles in the direction corresponding to the counter-rotation of the pair. In free space, these pressure forces are dominated by the viscous forces associated with the rotation of individual hydrodynamically interacting spheres in the absence of the constraining torques. In a bounded system, however, the pressure force can prevail, and it can thus produce the counter-rotation of the particle pair.
The significance of our findings stems from the fact that the wall-induced crossstreamline particle displacement during position-swapping binary encounters is the sole mechanism responsible for cross-streamline migration of spherical non-Brownian particles at low suspension concentrations (provided that there are no non-hydrodynamic forces). This mechanism yields nonzero contribution to self-diffusion in single-component suspensions and may cause particle mixing in dilute binary systems.
Particle-swapping mechanism may also have other important consequences. In particular, we have shown that this mechanism may prevent near-contact particle encounters by causing the particles to turn around and separate before arriving into a near-contact configuration. Therefore, the swapping behavior may hinder aggregation of particles interacting via short-range attractive van der Waals forces. Such a hydrodynamic shielding effect may be important not only in a suspension of randomly distributed particles, but also for a train of particles with slightly different cross-streamline positions (e.g., in a microfluidic channel). Thus, understanding of the swapping mechanism is another step providing better control over the motion of particles in microfluidic devices.
Some other interesting consequences of the particle-swapping mechanism (and, in general, the effect of walls on particle motion) will be described in our forthcoming paper. We will show there that binary collisions in a dilute suspension under shear may result in a layered particle distribution. Preliminary results of this study have already been presented (Zurita-Gotor, B lawzdziewicz & Wajnryb 2005) .
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